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Abst rac t - -We give a new optimal compactness criterion which insures that time dependent 
bounded sequences in suitable Hilbert spaces contain convergent subsequences. Our proof is re- 
lated to PDE techniques. We then give an abstract application of the result. © 2001 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
For nonlinear evolution PDEs, it often happens that  strong convergences for bounded sequences 
are needed. A usual way to derive such a compactness result is to obtain boundedness of t ime 
derivatives of the functions (see, e.g., [1,2] for such results). Here, we introduce another more 
general criterion (see Corollary 1). The criterion that we present does not need any information 
on the time derivatives. We give an application of our theorem to an evolution system, where 
we cannot differentiate in time in one of the equations. Another criterion is given in [3] (see 
also [4]) relying on some Frechet-Kolmogorov-type condition, but this criterion does not seem to 
be directly applicable to our situation. 
One of our start ing points is the following question: let H be a Hilbert space. If u ~ is a sequence 
converging to u in L°°(0, T; H)  for the weak-star topology, can we find necessary and sufficient 
conditions ensuring that  u~(t) ~ u(t) in H-weak, for a.e. t, as e --* 0? 
2.  THE MAIN  COMPACTNESS 
RESULT  AND ITS  CONSEQUENCE 
THEOREM 1. Let (V, ][. [[), (H, ]-[) be two separable Hilbert spaces. Assume that V C H with a 
compact and dense imbedding. Consider a sequence {u~}~>0 converging weakly to a function u 
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in L2(O, T; V), T < +oe. Then, u s converges trongly to u in L2(O, T; H) if and only if 
(i) uS(t) converges to u(t) wenkly in H for a.e. t, 
(ii) limmeas(E)-+0, EC[O,T] sups>0 fE luS(t)l 2dr = o. 
REMARK 1. 
1. For T = +oo, we have to add a condition at infinity, that is, V5 > 0,3T6 > 0 such that 
sup luS(t)12dt <~ ,5. 
e>o 
Then the result remains true. 
2. Statement (ii) is true if, e.g., u s remains in a bounded set of LP(O, T; H) for some p > 2. 
3. Another necessary and sufficient condition for Banach spaces is given in [3]. 
PROOF. It is clear that if u s --+ u strongly in L2(0, T; H), then (i) holds. While for obtaining (ii), 
it suffices to use the following facts: for all measurable set E C [0, T], one has 
>0 luS - UlL2(E;H) ~ lUS -- UIL2(O'T;H)s~O 
and 
lim SE lu(t)12dt = O, (since I@)12 ~ Ll(O, Z) ) .  
meas(E)--+O 
For the converse, as usual, we will identify H with its dual H', then one has the following compact 
and dense imbeddings: 
V ~ H = H I - -+ V/. 
Let A be the isomorphism induced by the scalar product on V, which maps V into Vr: (Av, w) = 
((v,w)), for all (v,w) E V × V. Then A -1 restricted to H is a compact self-adjoint operator (see, 
e.g., [5]). 
Since uS(t) s--~o u(t) in H-weak for a.e. t, then A-luS(t)  ~ A- lu ( t )  in V-strong for a.e.t .  
Furthermore, by the continuity of A -1, there exists a constant c > 0, such that ItA-lu<(t)ll <<. 
cluS(t)l for a.e.t .  Then from Condition (ii) and the pointwise convergence, the Vitali Theorem 
implies the following convergence: 
1~ f~ IIA-'~(t) - A-'~(t)ll ~ dt  : o. 
s Odo 
(1) 
Writing ue(t) = A(A-lus(t))(respectively, u(t) = A(A- lu( t ) ) ,  we deduce that 
f f  I~S(t)l~dt = f f  (A'i~(A-'~s(t)),A'i~s(t)) dr. (2) 
By the continuity of A 112 on V, we deduce from (1) that Al l2 (A- lu  s) converges to Al l2 (A- lu )  
strongly in L2(0, T; V). Since A 1/2 is a self-adjoint operator and u s -~ u in L2(0, T; V)-weak, we 
deduce that A1/2u s --~ A1/2u in L2(0, T; H)-weak. Thus, relation (2) implies 
s Ojo luS(t)12dt = (A '/2 (A- lu ( t ) ) ,A i /2u( t ) )  dt = lu(t)12dt. (3) 
Together with the weak convergence r sult, this last limit implies the strong convergence. II 
To show that this theorem implies the Aubin-Lions Theorem (see [1]), we introduce the fol- 
lowing lemma. 
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LEMMA 1. Let H be a separable Hilbert space. Consider u ~ a sequence of functions atisfying 
the following. 
1. For almost everyt E (O,T), supe>o [u~(t)t is finite. 
2. u ~ --~ u in L2(O,T;H)-weak. 
3. There exists a countable set D dense in H such that for all ~ E D, the sequence g~(t) = 
(u~(t), ~) is relatively compact in LI(o, T). 
Then, there exists a subsequence s = ~D such that ue( t )  ---~ u( t )  in H-weak for almost every t. 
PROOF. Let ¢ E D. There exists a subsequence c = ¢¢ such that (ue(t), ~) converges trongly 
in LI(0, T). Then, from Statement 2, we deduce that the whole sequence (ue(.), ¢) converges to 
(u(.), ¢) in L 1 (0, T)-strong. 
From the Cantor diagonal process, we deduce the existence of a subsequence ¢ = ~D such that 
(u~(t), ~) --+ (u(t), ¢) for almost every t and for all ¢ E D. Let ~ E H and 5 > 0. There exists 
~ E D such that I~ - ~51 ~< 5. For this subsequence s = £D and t E (0, T), 
](u~(t), ~) - (u(t), ~)l ~< M(t)5 + I(u~(t), ~)  - (u(t), ~) l ,  
where M(t)  = 2 max(lu(t)[; sups> 0[uE(t)]) < +oo. Letting ~ --* 0, we deduce that 
lim sup [(u~(t),~) - (u(t),~)[ ~< M(t)5 , O. ] 
e D .....~ 0 ~-"-4 0 
COROLLARY 1. Let V and H be two separable Hilbert spaces, V dense in H with a compact 
imbedding. Let {u~}~>0 be a bounded sequence of L 2 ( O, T; V) such that du ~ remains in a bounded 
set of L2(O, T; V ~) as ¢ -* O. Then, there exist a function u and a subsequence {ue}~>0 such that 
u ~ --* u in L2(O, T; H)-strong. 
PROOF. By integration by parts, we know that, in T)~(0, T): 
(i) d ~ 2 2(u~(t), du" (t)l = 
(ii) =/du  dt ~ J,~), V~ E V. 
From (i), we infer that u e remains in a bounded set of L°°(0, T; H). 
Therefore, Statements 1 and 2 of Lemma 1 are satisfied. The above Statement (ii) combined 
with the Sobolev compact imbedding WI,I(0, T) C LI(O,T) implies Statement 3 of Lemma 1, 
with D -- V. From Theorem 1, we find the result. | 
3. AN ABSTRACT APPL ICAT ION OF  THEOREM 1 
We use the same notations as in Theorem 1: (V; I]" ]]) and (H, ]-]) are two sepaxable Hilbert 
spaces with V ~-* H = H ~ ~-~ V ~ with compact, dense imbeddings. Furthermore, for a reflexive 
Banach space E, we shall denote by Ew the space E endowed with the weak topology and by Es 
the same space endowed with the strong topology. 
(H1) Let L be a linear operator whose adjoint L* exists and satisfies 
1. L* : D(L*) c V--* H, 
2. Yg E H, 3~ E D(L*) such that g = L*¢. 
(U2) {if}E>0 is a bounded sequence of L~oc(0, T; H)  satisfying i f ( t )  ~o  f(t)  in H-weak for 
a.e.t .  
(H3) F is a continuous mapping from [0, T] x Hw x H~ x L2(0, T; H)  x Vw into R and if ¢ E V, 
p, h, w are in a bounded set of L~oc(0 , T; H), then the function F(t, p(t), h(t), w; ~b) remains 
in a bounded set of L~+5(O,T), for some 5 > 0. 
(H4) F0 : H x H --~ H is continuous for the strong-topologies and it maps bounded sets of 
L2(0, T; H)  x L2(0, T; H)  into bounded sets of L2(0, T; H). 
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Consider a bounded sequence (u~,v ~) of (L2(0, T; V)A LP(O,T; H)) 2 for some p > 2, satisfying 
for all ~p c D(L*),  all ¢ E V, 0 < t < T, 
{ (u~(t), L*¢) = F (t, v~(t), if(t), u~; ¢), 
P ( u~, v~) = d 
(v~(t), ¢) (¢,Fo (u~(t);v~(t))) + (Av~(t),¢}, 
where A is a linear continuous mapping from V into V t. 
THEOREM 2. There exists a pair (u, v) E (L2(0, T; V)Cl LP(O, T; H)) 2 such that 
(a) u ~ ~ u, v ~ --* v in L 2 (0, T; H)-strong as e --* O, 
(b) (u, v) solves the problem P(u, v) analogous to P(u ~, v~). 
PROOF. By the boundedness of (u e, ve), we may assume that u ~ ~ u, v ~ --~ v weakly in Y = 
n2(o, T; V) A LP(O, T; g).  
dv~ remains in a bounded set of L 2 (0, T; V'). The second equation satisfied by v s implies that  -21- 
By the Aubin-Lions Theorem, v ~ --* v in L 2 (0, T; H)-strong and a.e. (for a subsequence). By the 
equation satisfied by u ~, the above strong convergence and the definition of L*, we deduce that 
for all g E H, lim~-~o(u~(t),g) = (u(t),g) for a.e.t .  We apply Theorem 1, to deduce that  u ~ --* u 
in L2(0, T; H)-strong. From these convergences, we find that (u, v) is a solution of P(u, v). | 
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